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Motivation

¢ In gauge theory, one faces the problem of studying “spaces” of the form

F o {aII gauge fields on a manifold satisfying some equation}

g {gauge transformations}

o Doing geometry on such “spaces” is complicated:
1. Both F and G are co-dimensional;

2. The action of G on F is not free.

o Best solution (in my opinion): Generalize concept of “space” as follows
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Outline

1. Sheaves and generalized smooth spaces

2. Presheaves of groupoids and stacks

3. Stack of gauge fields on a manifold

4. Yang-Mills equation and stacky Cauchy problem
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Functor of points

o Category of finite-dimensional manifolds Man
¢ Basic idea: “Test” M € Man via smooth maps V' — M, e.g.
— V = {«} gives points {¥} - M
— V =R gives smooth curves R — M
o Technically: Assign to M € Man the presheaf (functor of points)
M :=C*(—,M) : Man°? — Set
M(V)=C>(V,M) is called the set of V-points.

Crucial observation

By Yoneda lemma, (=) : Man — PSh(Man) is fully faithful, i.e.

C>(M,M') = Hompgpwman) (M, M)

Hence, manifolds and their smooth maps can be described equivalently from the
functor of points perspective!
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Sheaves are better than presheaves!

o Problem: Given open cover {U; C M}

\/ M (i COlimMan(HUitHUingUijk )
i ij ijk

% M (i ColimpSh(Man)(H@tHUing}c% )
7 (%) ij
! Solved by restricting to sheaf category Sh(Man) C PSh(Man).

Def: X : Man®® — Set is a sheaf if V open covers {U; C M}

X(M) = nmset(nX<Ui>3HX<UU>311X<Um> )

Generalized smooth spaces

We have a fully faithful embedding (=) : Man — Sh(Man), i.e. we can
equivalently describe manifolds and smooth maps within Sh(Man).

There are many sheaves X € Sh(Man) that do not come from manifolds, i.e.
X 2% M for all M. These may be called generalized smooth spaces.
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Constructions with generalized smooth spaces

o All (co)limits exist in Sh(Man). For example, fiber products X xz Y.

o All exponential objects (mapping spaces) exist in Sh(Man). For example,
field space of non-linear o-model Map(M, N).

Explicitly, the set of V-points is Map(M, N)(V) = C>(V x M, N).
o Differential forms on all X € Sh(Man). Explicitly:
— Classifying space QF € Sh(Man) given by QF : M — QP (M).
— Yoneda implies w € QP(M) < w: M — QP in Sh(Man).
— Define p-form w on X :& w:X — QF in Sh(Man).
Rem: Instead of Sh(Man) we can equivalently take Sh(Cart) over the full
subcategory Cart C Man given by all U =2 R™, for some m > 0.

(The relevant covers in Cart are good open covers.)
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Presheaves of groupoids and stacks

sheaves ——m

manifolds

oo-dimensional

gauge symmetries

Alexander Schenkel The Stack of Yang-Mills Fields Surrey 2017 7 / 16



Groupoids

© “Spaces” of gauge fields don't have sets but groupoids of points:

Obj: principal G-bundles with connection (A, P) over M

GCon(M)({*}) = {

Mor: gauge transformations h : (A, P) — (A’, P’)

o New feature: Two groupoids G and H are “the same” not only when
isomorphic, but also when equivalent (as categories)!

Ex: X x G — X free G-action on set X, then

1 x//6 = {

is equivalence but not isomorphism.

Obj: z€ X N X/G _ Obj: [z] € X/G

Mor: z -2+ zg Mor: [z] d, [x]

o Technically: Equip Grpd with a model category structure (in the sense of
Quillen), where weak equivalences are equivalences of categories.

Rem: A model category is a category C together with 3 distinguished classes of morphisms
(weak equivalences, fibrations and cofibrations) satisfying a lot of axioms. The relevance of

model categories is that one can do abstract homotopy theory in them.
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Presheaves of groupoids and stacks

¢ Presheaves of groupoids X : Cart®® — Grpd are higher smooth spaces.

~»  The functor of points is now groupoid valued, i.e. X(V) € Grpd is the
groupoid of V-points.

o To simplify notations, denote the relevant category by H := PSh(Cart, Grpd).

o Equip H with model structure in which weak equivalences are maps inducing
isos of sheaves of homotopy groups [Hollander:math/0110247].

Def: X : Cart®® — Grpd is a stack if V open covers {U; C U}
X(U) —— holimepa( [[X(U:) S TIX(Usy) T T X Uige) )
i ij ijk

That is a homotopical generalization of the sheaf condition!

NB: [Hollander] proved that this description of stacks is equivalent to the ones as
fibered categories or lax presheaves of groupoids.

Moreover, the homotopical approach to stacks generalizes to oo-stacks.
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Examples of stacks (relevant for gauge theory)

o Every manifold M defines a stack M := C*°(—, M) : Cart®” — Set — Grpd.

¢ Let G be Lie group. Classifying stack of principal G-bundles:
Ob;j:
BG(V) = { v
Mor: COO(V',G) gk — %
o Classifying stack of principal G-bundles with connections:

{Obj: A e QY(V,g)

BG.on(V) =
Con( ) Mor: C®(V,G)>g: A— Adg=g 1Ag+g ldg

o Classifying stack of ad(G)-valued differential forms:

o) = {

Obj: w € QP(V,g)
Mor: C®(V,G) 3 g:w — adg(w) = g"'wg

NB: Curvature classifying stack map F': BG.o, — Qﬁ:

{A — F(A) =dA+ 1[4, A]
(9: A—> Adg) — (g: F(A) — adyg(F(A)))
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Homotopical constructions with stacks

% “Ordinary” constructions do not preserve weak equivalences, e.g. in topology:
colimrop (D™ s D") = S™ % {x} = colimyop({*} + st {*})
© Model category theory provides tools to construct derived functors.

o Homotopy fiber product of stacks X x% Y := holimy (X ENy 2 Y)

Obj: f(z) % g(y) in Z(V)

(X XZY)(V) = { Mor:  f(x) Mf(z’) in Z(V)
k] 1w

9(y) W 9(y")

o Derived mapping stacks Map” (X,Y) := Map(Q(X),Y) for Y € H stack.

@ is cofibrant replacement and Map is exponential object in H

Obj: F:V xZ Y inH
Map(z,YxV)—{ poosExeTm

Mor: H:V XZxA! —Y inH
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Stack of gauge fields on a manifold
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Derived mapping stacks are important!

o Wanted: Stack of principal G-bundles with connections on manifold M.
o Consider derived mapping stack Map” (M, BGeon) := Map(Q(M), BGeon).
Lem: Let {U; C M} be any open cover with all U; 2 R™. Then
M QU1 = w110 =110y E= Ui )

is a cofibrant replacement of M in H.

Prop: The groupoid of {x}-points of Map” (M, BGcon) is
Obj:  ({A; € QY (Us,0)}, {g:5 € C®(Ui;,G)})
s.t. A; d9gi5 = Aj & 9ij 95k = 9ik

Mor:  {h; € C®(U;,G)} = ({Ai} {9i5}) — ({45}, {9i,})
st. A;<h; = A; & gijh]’ = ]’ngij

Maph (M, BGCOH)({*}) =

NB: Ordinary mapping stack Map(M,BG.on) captures only trivial bundles, i.e.

Obj: A€ Ql'(M,g)

Map(M7BGCOH)({*}) = {MOFI COO(M G)BQIAHAQQ
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Differential concretification: Motivation

< Problem: Maph’(M, BG.on) does not carry the desired smooth structure:
Map” (M, BGeon)(V) is the groupoid of bundles with connections on V' x M
Obj:  ({A; € QY(V x Us,0)},{gs; € C°(V x Us;,G)}) + conditions
Mor:  {h; € C°(V x Ui, G)} = ({Ai}, {945}) — ({47} {g};}) + conditions
and not that of smoothly V-parametrized bundles with connections on M.

o Strategy: "Kill" the bundles and connections on the test spaces V/, which
isn't that easy to do in a homotopically well-defined way!

¢ Techniques: 3 Quillen adjunction b : H 2 H : { such that
- bX (V) = X ({x}) “discretizes’ stacks;

- 1X(V) = Grpdy (V,1X) = Grpdy (bV, X) “evaluates” stacks on discretized
test spaces. [cf. Schreiber, cohesive higher topoi]

NB: tMap” (M,BG.on) has as V-points discretely V-parametrized families of
bundles with connections on M, without any smoothness requirement.

Alexander Schenkel The Stack of Yang-Mills Fields Surrey 2017 12 / 16



Differential concretification: Construction

o The following concretification construction corrects (for the case of 1-stacks)
a previous erroneous attempt by [Fiorenza,Rogers,Schreiber:1304.0236].

< Basic idea: Start with stack of discretely parametrized families
:Maph(M,BGcon) and recover in a 2-step procedure
1.) smoothly parametrized families of gauge transformations, and
2.) smoothly parametrized families of bundles with connections.
1.) Homotopy fiber product P" € H of

fiforget canonical

tMap” (M,BGeon) ——— §Map”(M,BG) +————— Map"(M,BG)

2.) l-image factorization (i.e. fibrant replacement in truncation of H/P")
GCon(M) := Imy( Map”"(M,BGeon) — P")
Prop: The groupoid of V-points of GCon(M) describes smoothly V-parametrized
bundles with connections on M, i.e.
Obj:  ({4; € QY 1(V x U, 9)},{gi5 € C°(V x Us;,G)}) + conditions (vertical)
{Mor: {hi € C>(V x U;, G} : ({Ai}, {g55}) — ({AL}, {g,’”}) + conditions (vertical)
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Yang-Mills equation and stacky Cauchy problem

Application: Yang-Mills Theory
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Yang-Mills stack

o Let M be Lorentzian manifold. Relevant stacks for Yang-Mills theory:

— GCon(M) is concretification of Map” (M, BGcon). Smoothly parametrized
bundles with connections (A, P) = ({A;},{g:;}) on M.

— QF(M) is concretification of Map” (M, Q%). Smoothly parametrized bundles
with p-form valued sections of adjoint bundle (w,P) on M.

- GBun(M) := Map" (M, BG). Smoothly parametrized bundles P on M.

o Relevant stack morphisms:
- Oy : GBun(M) — QL (M), P — (0,P) assigns zero-sections.

- YMyu : GCon(M) — Q3 (M), (A, P) — ({85 FY"(Ai)}, {gi;}) is
Yang-Mills operator.

Def: The Yang-Mills stack GSol(M) is the homotopy fiber product of
YMy O
GCon(M) — Ql(M) <—— GBun(M)

Prop: The groupoid of V-points describes smoothly V-parametrized solutions of the
Yang-Mills equation, i.e. (A, P) s.t. 5£‘irtF"ert(Ai) =0.
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Stacky Cauchy problem

o Given Cauchy surface X C M, there exists map of stacks
datay, : GSol(M) — GData(X) which assigns initial data.

Def: The stacky Cauchy problem is well-posed if datay, is a weak equivalence.

Theorem [Benini,AS,Schreiber]

The stacky Yang-Mills Cauchy problem is well-posed if and only if the following
holds true, for all V' € Cart:

1. For all (A* E,P¥) in GData(X)(V), there exist (A,P) in GSol(M)(V)
and iso h* : datax (A, P) — (A* E,P¥) in GData(X)(V).
2. For any other iso h'* : datax(A’,P’') — (A¥ E,P¥) in GData(%)(V),

there exists unique iso h: (A, P) — (A, P’) in GSol(M)(V), such that
h’* o datay(h) = h*.

I Note that this is stronger than Cauchy problem for gauge equivalence classes!

I Interesting smoothly V-parametrized Cauchy problems! To the best of my
knowledge, results only known for V' = {x} [Chrusciel,Shatah; Choquet-Bruhat].
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Summary and outlook
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Summary and outlook

¢ Studying “spaces’ of gauge fields requires generalizations of the concept of
manifolds
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o Even though the mathematical framework of stacks is relatively complicated,
| hope that | could convince you that explicit calculations are indeed possible.

¢ In particular, the stack of Yang-Mills fields can be worked out explicitly and
admits an intuitive description by smoothly parametrized Cech data.

¢ QOutlook: Symplectic geometry and formal deformation quantization of the
Yang-Mills stack ~» Homotopical Quantum Field Theory
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